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Circuit complexity

Boolean circuits:

∧

∨ . . . ∨

x1 x2 x3 . . . xn

• Compute Boolean functions.

• Motivation: P ⊆ P/poly, so lower bounds

against P/poly could be a way to attack P

vs NP.

Algebraic circuits:

×

+ . . . +

x1 x2 x3 . . . xn

• Compute syntactic polynomials.

• Motivation: Valiant suggested algebraic

circuit lower bounds as a stepping stone

towards the Boolean case.
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Circuit complexity landscape

Boolean complexity Algebraic circuit complexity

P/poly
general polynomial size circuits

TC
0

constant depth; threshold/majority gates

ACC
0

constant depth; MODm gates

AC
0

CC
0

CC
0

∧,∨,¬ MODm only

VNP
hypercube sums over VP-circuits

VP
polynomial size circuits

VBP
algebraic branching programs

VF
tree-like circuits



Algebraic complexity



The central problem of algebraic complexity

Determinant

detn =
∑
π∈Sn

sgn(π)
n∏
i=1

xi,π(i)

Circuit complexity: poly(n) (even more:

det ∈ VBP).

Permanent

permn =
∑
π∈Sn

n∏
i=1

xi,π(i)

Circuit complexity: at most O(2n · n2).

Conjecture (Valiant, 1979)

No poly-size circuits for permn exist (VP 6= VNP).

Benedikt Pago (University of Cambridge) 4



Lower bounds for restricted circuit models

No sub-exponential size family of monotone circuits computes the permanent.

[Jerrum and Snir 1982]

No sub-exponential size family of depth 3 circuits computes the permanent.

[Grigoriev and Karpinski 1998]

But: Both methods yield similar lower bounds for the determinant.

Theorem (Dawar,Wilsenach 2020)

There are no subexponential-size symmetric circuits for permn.

There are polynomial-size symmetric circuits for detn.
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Symmetric circuits

The polynomial (x + y)2 is symmetric under exchanging x and y.

A symmetric circuit is one with an automorphism swapping x and y.

x 2 y

× × ×

+

x 2 y

× ×

+

×

+
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Symmetric circuits

Definition

For X a set of variables, Γ ≤ Sym(X) a permutation group,

• a polynomial p ∈ F[X] is Γ-symmetric if π(p) = p for every π ∈ Γ,

• a circuit C computing p is Γ-symmetric if for every π ∈ Γ, there exists a circuit

automorphism of C that acts like π on the input variables of C.

For a matrix polynomial p over Xn = {xij | i, j ∈ [n]}, we consider Symn × Symn-symmetry.

Each (π, σ) ∈ Symn × Symn maps xij to xπ(i)σ(j).
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x11 x12 x13 x21 x22 x23 x31 x32 x33

× × ×

+

A Sym3 × Sym3-symmetric circuit
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Symmetric circuits and logic

Sentences of first-order logic over (bipartite) graphs uniformly define families of

matrix-symmetric Boolean circuits:

ψ = ∀x∃y Exy evaluated in an (n× n)-adjacency matrix (xij)i,j∈[n]:

x11 x12 x13 . . . xnn

∨ ∨ . . . ∨

∧

y 7→ 1

x 7→ 1
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Symmetric circuits and logic

• Every FO-sentence with k variables defines a uniform symmetric circuit family (Cn)n∈N,

where in each Cn, each gate can be annotated with an assignment α : [k] → [n] to the free

variables of the respective subformula.

• Group-theoretic support theorem: This is true in general symmetric circuit families of

(orbit) size ≤ n
k
:

Theorem

Fix a constant k ∈ N and a family (Cn)n∈N of Symn × Symn-symmetric circuits. Let g be a

gate in Cn and assume:

|Orb(g)| = |{(π, σ)(g) | (π, σ) ∈ Symn × Symn}| ≤ n
k.

Then there are up to k rows and columns of (xij)i,j∈[n], the so-called support of g, such that

any permutation that fixes these also fixes g.
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Symmetric circuits and logic

Consequence of the support theorem: Lower bound techniques from finite model theory

carry over to symmetric circuits.

In particular, the following equivalence relations on graphs are the same:

• k-dimensional Weisfeiler Leman equivalence

• indistinguishability in (k + 1)-variable counting logic (≡Ck+1)

• homomorphism indistinguishability over patterns of treewidth ≤ k

• Duplicator wins the bijective (k + 1)-pebble game

• indistinguishability by matrix-symmetric circuits of support size k + 1 (≈ n
k+1

circuit size)
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Algebraic complexity hierarchy

+ ×

VP

×

x y VS

VF

VNP
hypercube sums over VP-circuits

VP
polynomial size circuits

VBP/VS
ABPs / skew circuits

VF

tree-like circuits
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Symmetric versions of algebraic complexity classes

Definition

A family (pn)n∈N of matrix-symmetric polynomials is in...

• symVP if it is computable with matrix-symmetric circuits of polynomial orbit size,

• symVS if it is computable with matrix-symmetric skew circuits of polynomial orbit size,

• symVF if it is computable with matrix-symmetric tree-like circuits of polynomial orbit size.
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Separations of the symmetric algebraic complexity classes

Theorem (ICALP 2020, ITCS 2026, STOC 2026)

symVF ( symVS ( symVP ( VNP .

• symVP ( VNP: permn /∈ symVP because there are graphs G,H such that

permn(G) 6= permn(H), but G ≡Ck H. [Dawar, Wilsenach 2020]

• Other separations: Characterisation of symVF, symVS, symVP in terms of

homomorphism polynomials. [Dawar, P., Seppelt; Dwivedi, P., Seppelt, 2026].

• For a pattern graph F, and n ∈ N, homF,n(x̄ij) is a polynomial such that for any n-vertex

graph G, homF,n(G) is the number of homomorphisms from F to G.
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symVP

symmetric cir-

cuits of polynomial

orbit-size

symVS

symmetric skew

circuits of poly-

nomial orbit-size

symVF

symmetric for-

mulas of poly-

nomial orbit-size

linear combinations

of hom-polynomials

for patterns of

bounded treewidth

linear combinations

of hom-polynomials

for patterns of

bounded pathwidth

linear combinations

of hom-polynomials

for patterns of

bounded treedepth

bags of graph decomposition ≈ supports of gates
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Graph decompositions and circuit shapes

+ ×

×

x y

symVP ≈ treewidth

symVS ≈ pathwidth

symVF ≈ treedepth
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Proof of the separation result

Theorem

symVF ( symVS ( symVP .

• symVS ( symVP: Find polynomials pn :=
∑

F
αF · homF,n such that tw(F) < ∞, but

pn 6=
∑

F
αF · homF,n whenever pw(F) < ∞.

• Choose Fn as the binary tree with n leaves, and pn := homFn,n.

• tw(Fn) = 1, but one can show that homFn,n is not a linear combination of

bounded-pathwidth hom-polynomials.

• symVF ( symVS: analogous for pathwidth versus treedepth.
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Boolean circuits: Modular counting versus Boolean connectives



Circuit complexity landscape

Boolean complexity Algebraic circuit complexity

P/poly
general polynomial size circuits

TC
0

constant depth; threshold/majority gates

ACC
0

constant depth; MODm gates

AC
0

CC
0

∧,∨,¬ MODm only

VNP
hypercube sums over VP-circuits

VP
polynomial size circuits

VBP
algebraic branching programs

VF
tree-like circuits



The CC
0
versus ACC

0
question

Can circuits with modular counting gates alone simulate Boolean operations efficiently?

[Barrington, Straubing, Thérien 1990]

∧

x1 x2 . . . xn

Boolean AND Circuit

MOD6

MOD6 MOD6

x1 x2 . . . xn

Boolean MOD6 Circuit

???
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Modular counting gates

MOD
R

m

x1 x2 . . . xk

Definition (Boolean modular gates)

Let m ∈ N,R ⊆ Zm.

MODRm(x1, · · · , xk) =

1 if (
∑
xi mod m) ∈ R

0 otherwise
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Why should AND not be easy?

Conjecture (“Exponential Size Hypothesis”)

For every depth h and modulus m, there exists 0 < ε ≤ 1 such that the CCh[m]-circuit

complexity of ANDn is at least 2
Ω(nε)

.

MOD61

MOD6 MOD6 MOD6

x1 1 0x2 1 0
. . . x6 1 0 x7 1 x8 1

. . . xn 1

How not to express ANDn

Benedikt Pago (University of Cambridge) 21



Upper bounds

Best known constructions:

Theorem (Idziak, Kawałek, and Krzaczkowski 2022)

Fix a modulus m ∈ N and let r ≥ 2 be the number of its prime divisors.

ANDn can be computed by …

• a MODm-circuit of depth 2 and size 2
O(n1/r ·log n)

.

• for every h ∈ N, a MODm-circuit of depth h+ 1 and size 2
O(n1/(h·(r−1))·log n)

.

MODm

MODp . . . MODq

x1 x2 x3 . . . xn
Depth-2 construction

∧

x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 . . . xn

AND
n1/h

AND
n1/h

AND
n1/h

AND
n1/h

AND
n1/h

AND
n1/h

Depth-(h+ 1) construction

h layers
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Symmetries of the upper bound constructions

Both constructions are symmetric under different permutation groups:

MODm

MODp . . . MODq

x1 x2 x3 . . . xn

Symn-symmetric

∧

x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 . . . xn

AND
n1/h

AND
n1/h

AND
n1/h

AND
n1/h

AND
n1/h

AND
n1/h

symmetric under the Symn-stabiliser

of the nested block structure

Question: Are these circuits size-optimal for their respective symmetry groups?
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Main result

Theorem (P., ICALP 2026)

Fix a modulus m ∈ N and let r ≥ 2 be the number of its prime divisors.

Let C be a MODm-circuit computing ANDn.

• If C is Symn-symmetric, then its size is at least 2
Ω(n1/r ·log n)

.

• If C is nested-block-symmetric with nesting depth h, then its size is at least 2
Ω(n1/(h·r)·log n)

.

Both lower bounds are optimal, Symmetric Exponential Size Hypothesis confirmed.

Benedikt Pago (University of Cambridge) 24



Proof techniques

Group-theoretic support theorems

σ1

σ2

τ

1

2

3

4

5

6

7

8

Periodicity of modular functions

f(x)

0 6 12 183 9 15

f(0) = f(6) = f(12) = f(18) = . . .

Benedikt Pago (University of Cambridge) 25



MOD6

MOD6g MOD6 MOD6
. . .

x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12

support(g) = {x1, x2}
smallest set whose stabiliser fixes g

function computed at g

depends only on # of 1s

outside of support

function computed at g

depends only on # of 1s

outside of support

Periodicity: g(0) = g(6) = g(12) …
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Proof

Lemma

symmetric circuit size ≈ support size of gates ≈ period length of gate functions.

A gate with period length < n cannot compute ANDn!

⇒ To compute ANDn, periods, support sizes and hence circuits must be large.
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Conclusion

• The Boolean separation CC0 6= ACC0 and the algebraic separations between

VF,VBP,VP,VNP have been established for sufficiently symmetric circuits.

• Future Goal 1: Show lower bounds under weaker symmetry assumptions, i.e., smaller

symmetry groups.

• Future Goal 2: Show completeness of symmetric circuits for interesting classes of

polynomials/Boolean functions.

• Support theorem is the bottleneck – it only works for groups containing a copy of Symn or

Altn.
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